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Incremental Diffraction Coefficients for
Planar Surfaces, Part III: Pattern

Effects of Narrow Cracks in the
Surface of a Paraboloid Antenna

1. INTRODUCTION

In Part I1 of this series of reports we derived exact expressions for incre-

mental diffi'acticrn coefficients at arbitrary angles of incidence and scattering

directly in terms of the corresponding two-dimensional, cylindrical diffraction

coefficients. We confirmed the validity of the general expressions by showing

that, for the infinite wedge, the physical theory of diffraction, geometric theory

of diffraction, and physical optics incremental diffraction coefficients obtained by

direct substitution into the general expressions agreed with the results obtained

by previous authors through integration of the currents on the surface of the wedge.

In Part I we also applied our general method to obtain, for the first time, the in-

cremental diffraction coefficients for the narrow strip and slit.

In Part II 2 we integrated the nonuniform incremental diffraction coefficients

for the half plane around the rim of a reflector antenna to enhance the accuracy of

the far fields computed from the physical optics current. Excellent agreement

was obtained with the far fields obtained from a method of moments solution to

(Received for Publication 17 May 1988)

1. Shore, R. A., and Yaghjian, A.D. (1987) Incremental Diffraction Coefficients
for Planar Surfaces, Part I: Theory, RADC-TR-87-35.

2. Shore, R. A., and Yaghjian, A. D. (1987) Incremental Diffraction Coefficients
for Planar Surfaces, Part II: Calculation of the Nonuniform Current Cor-
rection to PO Reflector Antenna Patterns, RADC-TR-87-213.
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the electric field integral equation applied to a 20-wavelength-diameter reilector.

It was shown that the cross-polarized field, further-out sidelobes of the co-

polarized field, and fields near nulls can be appreciably changed by inclusion of

the fields of the nonuniform currents.

In this report (Part III) we use the incremental diffraction coefficients for a

narrow slit in an infinite, perfectly conducting plane derived in Part I to investi-

gate the effect of cracks in the surface of a focal-fed circular paraboloidal re-

flector antenna. Such cracks can result from the imperfect fitting together of

panels to form a large reflector. The cracks are modeled by narrow slits in a

paraboloidal surface, and the far fields scattered by the cracks are computed by

integrating the slit incremental diffraction coefficients (multiplied by the illumina-

ting field) along the cracks. Two forms of cracks are considered here: "azimuth-

al" cracks, the projections of which on the aperture plane are circles concentric

with the projection of the reflector rim; and "radial" cracks, the projections of

which on the aperture plane are radii of the projection ol the paraboloid.

It is found that narrow azimuthal cracks hardly change the H-plane pattern,

moderately change the further-out sidelobes of the E-plane pattern, and moder-

ately change the entire cross-polarization pattern. Depending on their orienta-

tion, the radial cracks can strongly change the E-plane and cross-polarization

patterns. However, like the azimuthal cracks, the radial cracks hardly change

the H-plane pattern.

We also compare the far fields scattered by the azimuthal and radial cracks

as computed by numerical integration of the incremental diffraction coefficients

with the far fields obtained by asymptotic evaluation of the same diffraction inte-

grals. Significantly, it is found that the asymptotically evaluated far fields of

both radial and azimuthal cracks can deviate greatly from the far fields deter-

mined by numerical integration. An investigation of the discrepancies revealed

that the usual asymptotic evaluation by the method of stationary phase applied to

the cracks could be a highly inaccurate approximation over a significant portion

of the far field.

2. ANALYSIS

We wish to investigate the effects of narrow cracks in the surface of a para-

boloidal reflector antenna on the antenna far field. It is assumed that the reflec-

tor can be modeled by an infinitesimally thin, perfectly conducting surface, and

that each crack, locally, appears to be a portion of a narrow infinite slit in a

perfectly conducting screen. The effect of the cracks can then be approximated

by the integral of the incremental diffraction coefficients of a slit along the cracks.

2



2.1 Increner-' il )iffraction (oefficients of an Infinite Slit

The incremental diffraction coefficients for a narrow infinite slit in a per-

fectly conducting screen illuminated by a plane wave were derived in Part I

The slit, of width d, is defined in terms of Cartesian coordinates (x, y, z) by y = 0,

I x 1 -5 d/2, so that the slit lies in the xz-plane with the edges of the slit parallel

to the z-axis as shown in Figure 1. The direction vector IFof the incident plane

wave forms angles of i + 0 and 7r - no with the positive x- and z-axes respectively.

7

0. d

SLIT IN TIlE XZ PLANE

0

% Y%

Figure 1. Geometry of Slit, Incident Wave, and Observation Point
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The magnitude of k is

k = 2/X =W/c ,

where A is the free-space wavelength, w is the angular frequency of the sup-

pressed exp (-iw t) time dependence (w > 0), and c is the speed of light in free

space. The observation direction is defined by the azimuth and elevation angles
@ and o respectively. The transverse electric and transverse magnetic incre-

-ETE - M()are1mental diffraction coefficients, dEd (7) anddTM(-) are 1

H. ikr 4P (a, *0o kd sin 0) sin 4iE-T~-) r-o z e 1 oo __

ddz' Zo sin e0  41rr sina Isin 4)1

[sin4) -(cosO cos O+cosa sin Ocot0 0)6] (la)

and

rik in0 e.r sin 4
aT M(-)r-.o - dz' F. sin4O e(, 0sind 1Z sin2 0 44P 2 (a o 1kd sino) ] n

( b)

where E. and H. are the complex amplitudes of the electric and magnetic com-
1Z 1Z

ponents, respectively, of the illuminating plane waves parallel to the edge of the
slit at the origin, Z is the free-space impedance, r = , the distance from0

the origin to the field point,

a o-l /sin 0cos (2sin 0°  (2)

2

P1 (O ' 0o' kd) = v E l T2n(' 0o' p) c 2n + o(c5) (3a)

n=O

P2 (01 0o' kd) = Lc U2n(O' Oo' p)c2 n + o(c 5 ) (3b)

n=0

4



with

c = kd/2,

p = ln(c/4) + -y - iir/2,

y = 0. 5772157... Euler's constant,

T I

o 2

T 2 - (cos Cos s- 2

2 =-T 2p

TO =) Co 1 Co 1C3\

4 128p 6 0

U= - con4)sino os

_1 (sin o cos2 0 1 _ 4-) cos 2- p T cos6 0

+ I -, os 3 o +  P + 1)Co Cos

++- ( _ .2__ ) C°os + 'L + 2)]

U° = -[sin 0o sine ,

and

U 2 = 6- sin 00 sin b ITCos 0 + 2'-Cos 0o 0Cos 0b + (p - +-o I b CO

Expressions for higher order terms in the series for P 1 and P 2 are given in

Refs. 3 and 4.

3. Millar, R. F. (1960) A note on diffraction by an infinite slit, Can. J. Phys.,
38:38-47.

4. Asvestas, J.S., and Kleinman, R. H. (1969) The strip, Ch. 4 of Electro-
magnetic and Acoustic Scattering by Simple Shapes, Bowman, J.J.,
Senior, T. B. A., and Uslenghi, P. L. E., Eds., Amsterdam: North-
Holland.
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For arbitrarily polarized plane-wave illumination, the slit incremental dif-

fraction coefficient is obtained by summing (la) and (Ib):

rI-O ikr1 I sin 0,

d-Ed (rt) I- dz1 47rr Isin 01 I[EizI sin 8o01 4P 2 (a, 0o11 kd sin 8o0)

4Pl(a' o 1 .kdsino 1 ) ,in~

+ z 4 sina (Cos cos , + cosa sin 01 cot 0, 0o~~~ izsnasino 1 I

ekr Hiz1  4P 1 (a, 00o kd sin 01) sin 1 0
1 4rr1  o sin 01 sin a sin 1

(4)

with

- (sin o, cos ()a cos \sin 0o,

We have inserted the subscripts "I" in the above expression, indicating that the

subscripted quantities are defined with reference to a local coordinate system

with origin at the point of integration, to clearly distinguish the locally defined

quantities from those defined with reference to the global coordinate system of

the reflector antenna introduced in the next subsection.

The total field in the illuminated half space, y a: 0, is obtained by adding the

difrracted field to the field that would be present if no slit were there-the incident

field plus the reflected field-whereas in the half-space y _ 0 behind the screen,

the total field is given by the diffracted field. The reflected field is the field

radiated by the physical optics current excited on the screen in the absence of the

slit. In our application we will be concerned solely with the field in the illumi-

nated region, i. e., the forward portion of the reflector pattern. This restriction

to the forward region arises because, in calculating the effect of narrow cracks

in the surface of a paraboloidal reflector as the integral of the incremental slit-

diffracted fields along the cracks, we are limited to the cone of observation angles

within the intersection of the cones formed by rays to the reflector rim from the

integration points on the cracks. For observation directions beyond that cone it

would be necessary to take into account the secondary diffraction of the crack-

diffracted fields by the reflector rim, a task of considerable complexity that will

6



not be undertaken here. Within this cone we will also neglect the reflection of

the crack diffracted fields by the reflector.

2.2 Transformation to the Global Coordinate System of the Reflector

The effect of cracks in the reflector surface is obtained as indicated above

by integrating (4) along the cracks and adding the result to the far field of the

reflector without the cracks to obtain the total far field. The far field of the
2

reflector without the cracks is calculated, as described in Part 11, by adding

the integral of the half-plane nonuniform current incremental diffraction coeffi-

cient around the reflector rim to the PO reflector far field. Since all quantities

in (4) are defined with respect to a local coordinate system with its origin at a

differential element of a crack, it is first necessary to transform (4) to a global

coordinate system which we will take here to be that shown in Figure 2. The

origin of the global coordinate system is the focus of the paraboloid reflector of

focal length F and diameter D, and the z-axis is the axis of the reflector- directed

I Aperture plane

I A A

D/2/

Figure 2. Global Coordinate System for Paraboloidal Reflector
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towards the center of the reflector. Primed quantities are used to indicate inte-

gration points on the cracks, and unprimed quantities to indicate the field points.

Two types of cracks will be considered here: (1) azimuthal cracks defined

in the global coordinate system by el = e; and (2) radial cracks defined byc
=4--. cWe will consider each of these types of cracks in turn.

2.2.1 AZIMUTHAL CRACKS

The analysis is almost identical to that described in Part I, Section 2. 2,

for integrating the half-plane incremental diffraction coefficient around the re-

flector rim, the only difference being that in Part II, e' was the angle

2 cot -l(4F/D) at the focus between the reflector axis and rays from the focus to

the reflector rim, whereas here can be any angle between 0 and 2 cot- (4F/D).th rflcorri, hres ee y

We can then immediately write down the relevant equations of Part II for use here.

In the local coordinate system, the local x-axis is tangent to the reflector at

the crack, perpendicular to the crack, and directed towards the reflector center

from the crack; the local y-axis is the inwardly directed normal to the paraboloid

at the crack. Thus

x, = - sin r r - cos T- (5a)

y, = - cos r' + sin ' , (5b)

and

z, = X 4" -~ (50)

The angle eo0 between the local unit z-vector, -;', and the ray -FP from the crack

point to the feed at the focus, is equal to v/2 so that

cos eo01  0 (6a)

and

sineo =1 . (6b)

The trigonometric functions of 0019 the angle between x and the projection of

-F' on the xI yl -plane are

cos 01 = sin 0.1/2 (7a)

8



and

sin*of = cos Oc/2 (7b)

The trigonometric functions of the local field point elevation angle are

cos f= sin 0 sin(,' - ) (8a)

and
.2 .2 /2

sin e [1 - sin sin (s ' - )] (8b)

where the positive root must be taken since 0 ! 01 :5 7.

The cosine and sine of 0, the local field point azimuth angle, are given by

cos € cos -r sin 0 cos(@'- 4) + sin 7 cos 0]/sin 0 (9a)

and

sin4,1 = L sin -r sin 0 cos( - )-cos 7- cos 0 sin 01 (9b)

Thecosne nd ineof c~ 1 / sin 0 i cos @

The cosine and sine of a = cos- os are now known from (6b), (8b),

and (9a): /

cos a = sin 0 cos (lOa)

and

2 2 1/2
sin a = (1 - sin2 61 cos 2 01) / (lOb)

with the sign of sin a being plus if 0, tan- ICo is in quadrant I or 11, andcos k1  isi/udatlo f n
minus if @, is in quadrants III or IV.

The 0- and 0,- components of 0, and are as follows:

cos 0 sin u1/2 (1 la)

(I - 0 esin 2 u)

9



7.= . 4;

COB U(lb.2 . 1/2 (11b)

(1 - sin 2 0 sin 2 u)

" " 0

Cos u 1/2 (llc)

(1 - sin 2 0 sin 2 U)

and

cos 0 sin u Q/ (I d)(1 sin2 0 sin2 U)1/2

with

u = (-si sn(12)

The factor

ikr I ikr r-w ik(R -7

r/ = * 
1

(1si e s u)

with

" [ r' [sin Oc sin 0 cos (01 4 + cos 0 c cos 0] (13b)

and

2F 2 0 cr TCos = F sec (13c)

i 1 +ikr r-* i"R-r

Finally,

d I c' d4' 
= -2F C, (1)

Rz r' sn9 sin Oo( t
-~ o Oo 1b

dz, 'sn ~ tan 7~ ~ (14)

10



and

E. =-E (1 5a)

Hiz Hi . (1 5b)

Substituting explicit expressions for cos o sin to, rt, dz', E , and
oil S of iz

H. in (4) and taking the 0- and 0- components gives

dEd (7)

ikR -ikF-,ol sin b, (F

- d4)' e r' sin 01 e sEi sin 0 4P2(a, o kd)4 rR c [sin 0 1 1 2 f

+Z H ~ 4P 1 (a 00 1 1 kd) cos 0 cos 0,]+ Zo~ sin a

- Z H 4PI s(a, 01 1, kd) (16a, b)Zo Hio sin ar si Vt{ J  6,b

2.2.2 RADIAL CRACKS

For the radially directed cracks we take the local z-axis to be in the direc-

tion of the crack, from the center of the paraboloid outward, and the local y-axis

to be the inwardly directed normal to the paraboloid. Thus

- cos r' + sin - (17a)

Z, = sin r' + cos -08' , (17b)

and

x I Y, Z,(170)

The cosine of 0of' the local elevation angle of the direction from which the illum-

inating plane wave is coming, is given by

11



c 6s1 i Of (18a)

from which we obtain

sin6 0 (la8b)

The trigonometric functions of 001 the angle between xand the projection of

on the x, y, -plane are

Cos 0, -r' i~/sin 00 = 0 ,(1 9a)

and

sin 1 0 0 '. j/sin 0., 1 .(19b)

For the cosine and sine of 0, .the angle between and the ray from the point on

the crack to the far field point, we have

Cos 01 =z 1 * r1 =z i R

= sin cos61o(O' -O)- cos 0sinT (20Oa)
o2 c

and

sin e,1  + (1- cos 2 61)1/2 ,(20b)

while for the local field-point azimuth angle #P

Cos 01 =2 I* 1 /sin e, = A . , /sin 60

= sin 6 sin (O' - W)sin 0~, (21a)

and

sin 1 =, *j/sin 0, ~ 1 sin 0,

- sin 6 sin 01 co(~-~ o o 2. in 6 0 (2 1b)

12



From (18b), (20b), and (21a),

sin 01 cos = sin 0 sin(01c  (22)sin9 0 1Ocos ot -sin 0ofcos --'(2

Showing that I cos al < 1 for observation directions within the allowable forward

cone is straightforwardt (see p. 6). Then
2 /2

sin = (1 - cos 2)

with the sign of sin a determined in the same way as that for the azimuthal cracks

(see p. 9).

t The magnitude of cos a is bounded by sin /cos (0/2). The minimum value of
cos (0'/2) occurs for points on the reflector rim. For these points the maximum
value of sin 0 occurs for the minimum allowable value of 0 (recall that in our
global coordinate system the z-axis is directed from the focus to the reflector
center so that the forward direction is given by 1 - 7) determined, as noted
above, by the cones of observation angles formed by rays from the points on the
cracks to the reflector rim. Let P be a point on a crack and consider the cone
of rays from P to the reflector rim. If we let Vj be the angle between a ray and
the forward direction, then , takes on its smallest value, tpmin, for the ray to
the nearest rim point in the plane determined by P and the z-axis. As P
approaches the rim, ('min decreases. The limiting value of vn*n is the maxi-
mum allowable value of 7T - 0. This limiting value is given by-I ie arc tangent of
the negative of the slope of the paraboloid. Since the paraboloid is defined by
the equation

2
p = 4F(F - z)

the negative of the slope is

-1= 2F/p.

At the reflector rim p = D/2 so that

lim ;min = tan-1 (4F/D)

p- D/2

Then

sin 0min 4F D
Cos a 5 ' = - 4D-cos - Of 4F/D

max
Cos 2

with strict inequality holding for observation directions for which
0 > - tan" (4F/D). It is worth noting that within this forward cone of qbserva-
tion angles r/2 !: 0 !5 so that sin 0 is positive and the factor sin €!/1 sin 0! 1
which appears in (4) and (16a, b) equals +1. This can easily be seen by referring
to the definitions of the local coordinates on p. 8 and p. 11, and can also be de-
monstrated analytically starting with (9b) or (21b) and using the fact that the
maximum value of 6' in (9b) or 9' in (21b), the angle at the focus subtended by
points on the reflectsr rim, is given by 2 cot'l(4F/D).

13



A straightforward though algebraically lengthy procedure starting wit-

61 = cos 01 cos 4ix ! + cos 6! sin 4, i - sin O z!

and

f = -sin 4 1x + cos 4'1 ,

leads to expressions for the 0- and 4-components of 0 and 4':

cos -.- cos 0 cos( - 4') + sin - sin

sin 6 (23a)

cosT sin (4c - 40)

sin 1 (23b)

[os ,sin ( --

sin (23c)

and

V f $

sin 4.. sin 0 + cos -c- Cos 6 Cos (0' -4')]
sin 0 (

The factor exp(ikrI)/r1 is given by (13a), the same expression as that for the

azimuthal gap with 4", of course, now fixed at the crack azimuthal angle 4" and 6'

variable along the crack instead of 01 fixed at the crack elevation angle 6' and 4"c
variable as for the azimuthal crack. Finally, the differential length

14



dzi =8'se fO (24)

and the components of the incident electric and magnetic field in the zi direction

are given by

E. =. R sin r+ Cosi (2 5a)I (s 2 2;

and

H.Ji = P i* (sin + iCos~~i (2 5b)

Substituting explicit expressions for cos 6901 sin 6 o'Cos 0 of sin 01 ,

and dz' in (4) and taking the 0- and 4)-components gives

dE Gr r-o dOf e iR rf O- e '.
di4lrR 26 e

Cos -

[E. sin 191  4P 1 7r2kdo 9

+ZH 4 ', (a, 7r/2, kd cos Ocsfin+ Z H. 2 (Cos 0 Cos csa i tn f
" zsin a tan1

4P, (a, 7r/2, kd cos~-
siZn.a - sin 4 j (2 6a, b)

2.3 Feed Illumimnation

The form of the feed illumination of the reflector is chosen, as in Part HI, to

be

ikr'

17,~--j a(01) cos 4)01 d(9') sin Of' (2 7b)

15



so that the E-plane is the xz-plane and the H-plane is the yz-plane. For an

x -directed electric dipole source,

a(01) = cos 0' , d(01) = -1 . (28)

while for a Huygens source with an x-directed electric dipole and a y-directed

magnetic dipole,

a(01) =1 + cos 01 , d(01) =-(1 + cos 0') (29)

Thus E1 , , and Hi,, in (16a, b), for the components of the diffraction coefficient

for an incremental length of an azimuthal crack, are

E kld(01) si 1eir d(6')(sin 4, cos u + cos 0 sin u) (30a)

and

H ikr' o , ikr'
H =e a( 0,) cs e- a(0' )(cos 4, cos u - sin 0 sin u) (30Ob)

P' r' c r' c

with

u~4'4

Substituting (30a) and (30b) in (16a, b) and replacing cl4, by du gives

ikR i~l-
dE r) r-oo ,u e 6  sik0 e r'. R )

09 [d6)(sin 4,cos u + cos 4, sin u) sin 19 4P(, k)'T

4P (a, oI01 kd) ,'
+ a(Oc )(cos 4, Cos u -sin 4,sin u) - sin a -(c os 0~ 1Cos 4,CT

- sin 0 1 AS) I(Q1a, b)

16



For the radial cracks, (27a) and (27b) combined with (25a) and (25b) give.

ei kr' O
e. 1101) Cos 4' Cos -(32a)

and

ei kr' 9
H. I d(0') sin 01 cos-T (32b)

Substituting (32a) and (32b) in (26a, b) we obt~iin for the 0.- and O-components of

the electric field of ait incremental length of a radial crack

dE r-o r dOf e eikr-'. R) 1
a4rR 28'9

* a(01) cos O' sin 0,4 P2 (r /2 kdcos+)1

4 P 1 (a,7r/2, kd cos L
-d(O') sin 01 co 2

c 2sin a

[os Cos - cos a sin 8~tan a- sin, 11 (33a. b)

2.4 Integration of the Incremental Fields

Although it is possible to numerically integrate (31a, b) as they stand along

an azimuthal crack forming a complete circle on the reflector surface, the inte-

gration can be substantially simplified by eliminating those parts of the integrands

that are odd functions of u and hence vanish when integrated with respect to u

from -7r to +7-r. [ Note from (5c) that, in order to obtain the proper sign of the far

* field components, the integration must be performed in the negative u- or nega-

tive 01-direction since this corresponds to integration in the positive local

z z-di rection.) It is straightforward to show that all terms in dF (r)M containing

sin 4, and all termis in F (Id 4 ,(r) containing cos 4, are odd functions of u so that

17



Ede() ROO -cos ikR iE (,) R, _cos0 e sin 60 du e ik(r' - 71. R)

PO d()sin usin 0, 4P 2 (a, 0 1 , kd)ay

+ (1 o t P1(,01,k)(Cos 60 Cos 1 a - sin Ah ~ (3 4a)

and

i-it

Ed,(R) si - 4 ikf sin 0' f du eikr

P6. [6cos u sin0, 4 P2(a' 001, kd)r

-a(0 ) sin u 4P 1 (a', 001 kd) (Cs1cs i (3 4b)c sin a Ics1 cs* '-i~ ~

Thus Edo(H) and E do(R) vary as cos 0 and sin respectively. If the co- and

cross-polarized field components, E coand E ceare defined according to Ludwig's

third definition5

F Co Eq cos + E 0 in~f (3 5a)

aind

E OsnF o (3 5b)

then there is no cross-polarized field in either the E- or H-planes resulting from

the integration of the incremental diffraction coefficients along a complete azi-

muthal crack.

For the radial cracks, no such simplification can be effected in general, and

(33a, b) must be integrated as given along the radial cracks.

5. Ludwig, A. C. (1973) The definition of cross polarization, IEEE Trans.
Antennas and Propagat, AP-21:116-119.
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3. CALCULATIONS

In Section 3. 1 we present the results of calculations performed to investigate

the effects of cracks in the surface of a paraboloidal reflector antenna by numeri-

cally integrating the slit incremental diffraction coefficients along the cracks.

The calculations were made on a CDC Cyber 860 computer using the IMSL pro-

gram DCADRE with a relative error criterion of 10 - 9 to carry out the numerical

integrations. The paraboloid itself was the same as that used in Part II: D = 20X,

F = 8X. The feed is a Huygens source located at the focus with an x-directed

(W- 00) electric dipole, and a y-directed (40 = 90 ° ) magnetic dipole. The pattern

of the antenna without cracks on the surface was calculated, as described in

Part TI, using the integral of the nonuniform current half-plane incremental dif-

fraction coefficient along the rim of the reflector to enhance the accuracy of the

PO reflector pattern. The basic configuration of cracks assumed here (see Fig-

ure 3) consists of an azimuthal crack halfway in angular measure from the center

of the paraboloid-O cot- 1 (4F/D) = 32. 01°-and four radial cracks at the azi-

muth angles 0c = 450, 135% -45% and -135" (i.e., two "diameter" cracks). The

width of the cracks was taken to be 0. IX. Co-polar patterns were calculated for

the E- and H-planes, and cross-polar patterns for the 0 = 45 ° plane. The range

of 0 for the patterns was from 180 ° (the forward direction) to 130 ° . As men-

tioned in Section 2 (see footnote, p. 13), the validity of the formulation is re-

stricted to the forward cone of observation angles 0 = [180, 180 ° - tan- (4F/D)]

1180 ° , 122. 011. In the calculations performed, terms of higher order than c2

in the series for PI and P 2 [see (3a) and (3b) were neglected. To facilitate inter-

pretation of the results, calculations were also performed for the azimuth and

diameter cracks separately. Additional patterns were obtained for the paraboloid

with a single diameter crack defined by c = 0", 180'; and with a single diameter

crack defined by 4Oc = ±90 ° .

In Section 3. 2 we compare the amplitude of the far field due to the azimuthal

crack, and to single diameter cracks defined by c = 0%, 1830; and by c = ±90%

calculated by numerical integration of the slit incremental diffraction coefficients

and by conventional asymptotic evaluation of the diffraction integrals.

3.1 Pattern Effects of Cracks Obtained by Numerical Integration
of the Slit Incremental Diffraction Coefficients

Figures 4(a), 4(b) and 4(c), respectively, show the E- and H-plane co-polar

amplitude patterns and the cross-polar amplitude pattern in the 450 plane. (The

cross-polarized fields in the E- and Il-plane are zero.) The corresponding phase

patterns are shown in Figures 5(a), 5(b) and 5(c). The dashed-line patterns,

19



Y

RADIAL CRACK
(0 45°0) RADIAL CRACK= 1350)

~SURFACE

RADIAL CRACK

(RI =A450) RADIAL CRACK(0; - 50)(o, : = -1350 )

Figure 3. Basic Coniguration of Cracks on the Surface of the Paraboloidal
Reflector

given for reference in these figures, are those obtained for the paraboloid without

cracks, while the solid-line patterns are those for the paraboloid with the basic
crack configuration. All patterns are normalized to the value of the pattern of
the paraboloid without cracks in the mainbeam direction of 0 = 180" (amplitude

35.0376 dB, phase = -90'). The primary Huygens-feed field is added to the sec-

ondary reflector field in all the patterns shown in this subsection.

It can be seen from Figures 4(a), 4(b), 5(a) and 5(b) that the presence of the

cracks has a considerably greater effect on the E-plane patterns than on the H-

plane patterns. This difference can be explained by first noting from Figures 6(a),

6(b), 7(a) and 7(b) for the amplitude and phase of the E- and H-plane patterns with
only the two diameter cracks present (at 01c 

= 45*, -135*; and at Oc 
= 1350, -450)

and from Figures 8(a), 8(b), 9(a) and 9(b) for the patterns when only the azimuthal

20
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crack is present, that the effect of the basic crack configuration on the E- and

H-plane patterns is due almost exclusively to the azimuthal crack. For the E-

plane pattern, the contribution of the azimuthal crack to the diffracted field comes

primarily from the two stationary phase points at 0* and 180, whereas, for the

H-plane pattern, the diffracted field is due in large part to the stationary ph:' s

points at ±90. For a Huygens feed with an electric dipole oriented in the x-

direction (4' = 0'), there is no component of the incident electric field in the

direction of the azimuthal crack at ,' = 0" and 180"% and no component of the

incident magnetic field in the crack direction at 4' = ±90, so that in (4) Eizi = 0

for differential crack elements at 0* and 180" and Hiz, = 0 for crack elements at

*±90". (In other words, viewed in terms of the local coordinate system, the azi-

muthal crack at 4' = 0* and 180 ° is illuminated by a TE] wave and at 4' = ±90' by

a TM wave.) Also the local elevation angle 0o of the incident illumination is 90'

for all points on the azimuthal crack [see (6)]; and 0 equals 90* for observation

directions in the E-plane and differential crack elements at 4' = 0' and 180, and

for observation directions in the H-plane and differential crack elements at ±90'.

Hence from (4) the incremental diffraction coefficient for the crack elements at

' = 0* and 1800 and observation directions in the E-plane is

r I -- 0o eikr

dEd - dz e Z H. 4Pl(4 kd),4rI ozI 4'

while for crack elements at 4' = ±90' and observation directions in the H-plane

ikr
__ r I-00 e

dE d  - -dz e E 4P24,, kd) 0

Since, for a given 0, the values of r1 , 4,. and Z0 H iz for 4 0' and 4' = 0* and

180' equal, respectively, the values or r,, 4,, and Eiz, for = 90* and 4' = ±90°;

and, since 001 is a constant [see (7)], it follows that the ratios of the incremental

fields in the E-plane diffracted by the crack elements at 4' = 0" and 180" to the

incremental fields in the H-plane diffracted respectively from the crack elements

at4 1 = 90 - and -90 are

P 1 (01 , kd)
P 2(01, 4o. kd)

Referring to (3a) and (3b) and taking the leading terms in the series representa-

tions, however,
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Pf kd~
2I In T- +'y-i

and

P2 sin l sin 0,(kd)2

so that, for the crack width d = 0. 1X, I P 1I/P 2 1 8. 1 = 18 dB. Thus, for the width

of cracks we are considering, the effect on the E-plane pattern of azimuthal crack

elements at 0* and 180 ° can be expected to be at least 18 dB larger than the effect

on the H-plane of crack elements at ±90 ° . In brief, when the incident electric

field is normal to the crack at the stationary phase point, the crack scatters much

more than when it is parallel to the incident electric field.

A much more pronounced effect of the cracks on the antenna pattern than that

on the co-polar E-plane pattern we have just discussed is the effect on the cross-

polar pattern in the 0 = 450 plane shown in Figures 4(c) and 5(c). Comparison

with Figures 6(c) and 7(c), and Figures 8(c) and 9(c) shows that, here, the effect

is due largely to the diameter cracks. A further comparison with Figures 10(c)

and 11(c) for the amplitude and phase of the cross-polar pattern in the 0 = 45 °

plane when only the diameter crack defined by Oc = 1350 and -45* is present, and

with Figures 12(c) and 13(c) for the patterns when only the diameter crack defined

by 0c = 45* and -135 ° is present, shows that the effect is almost exclusively the

result of diffraction from the diameter crack at c' = 135, -45% located in the

plane perpendicular to the 0 = 450 plane. A simple explanation of why the diam-

eter crack defined by Oc = 1350 and -450 dominates the diffraction effect shown in

Figures 4(c) and 5(c) may be found by regarding the diameter cracks as line

sources (neglecting the curvature of the paraboloid) which, because of the symme-
try of the crack configuration with respect to the feed, are excited equally by the

feed illumination. The diameter crack perpendicular to the 0 = 45 ° plane has a

broad pattern in this plane and hence a large effect on the pattern, whereas the

diameter crack parallel to the 0 = 450 plane has a narrow mainbeam and sidelobes

that decay rapidly in this plane and hence a noticeable effect only in the forward

direction.

Figures 14(a), 14(b) and 14(c) show the co-polar amplitude patterns in the E-

and H-planes and the cross-polar amplitude pattern in the 0 = 45 ° plane for the

paraboloid antenna with a single diameter crack defined by 01 = 0* and 1800. The

corresponding phase patterns are shown in Figures 15(a), 15(b) and 15(c). Fig-

ures 16(a), 16(b) and 16(c), and Figures 17(a), 17(b) and 17(c) show the patterns

when the paraboloid has a single diameter crack defined by 0c = 90* and -90.
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Comparing Figures 14(a) and 15(a) for the E-plane with Figures 14(b) and 15(b)

for the H-plane, it is seen that the dominant effect of the cracks is on the E-plane

pattern, with the H-plane pattern being almost unaffected. This difference can

again be explained with the same line source model used above in explaining the

dominant effect of the diameter crack defined by c = 135* and -450 on the 0 = 45*

cross-polar pattern. Here the crack in the yz-plane has a broad pattern in the

E-plane normal to the plane of the crack, and a narrow pattern in the H-plane

parallel to the plane of the crack.

Comparing Figures 16(a) and 17(a) for the E-plane with Figures 16(b) and

17(b) for the H-plane for a single diameter crack in the yz-plane, we see that the

dominant effect here is on the pattern in the H-plane, because the H-plane rather
than the E-plane is now the plane normal to the plane of the crack. Additionally

if we compare Figures 14(a) and 15(a) with Figures 16(b) and 17(b), it is clear

that the effect on the E-plane in Figures 14(a) and 15(a) is considerably greater

than the effect on the H-plane shown in Figures 16(b) and 17(b). This difFernce

can be explained in much the same way as the difference in the effect of the azi-

muthal crack on the E- and H-plane patterns was explained above. The diameter

crack in the yz-plane is illuminated locally by a TE wave while the diameter crack

in the xz-plane is illuminated locally by a TM wave, and the TE incremental dif-
fracted field is considerably stronger than the TM diffracted field.

As an indication of how the effect of the cracks on the paraboloid pattern

varies with the width of the cracks, Figure 18 shows the cross-polar amplitude

pattern in the 4 = 450 plane of the paraboloid with the basic crack configuration

for a crack width of 0. O1X. Also shown in the same figure for reference is the

pattern for a crack width of 0. Uk and the pattern of the paraboloid without cracks.

It is seen that the effect of the cracks on the paraboloid pattern decreases quite

slowly with the crack width, the effect still being quite significant even for the

0. 01 crack width. The reason for this slow decrease is the logarithmic depend-

ence of the slit width of the leading term of the series expansion for PI of the slit
TE incremental diffraction coefficient [see (la)]

1 _ _ _ _ _

1 2 ln- - +Y-i

Ford =0.l, 1Pl = 0.624, while for d = 0.01k, JPl I1 0.345, a decrease of

only 5 dB.

It should be pointed out, however, that the slit model we have adopted in this

report for investigating the pattern effects of cracks in the surface of reflectors

may exaggerate the magnitude of the actual effects in real antennas. One would
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not expect the cracks resulting from joining panels together in actual large re-

flectors to go clear through to the other side; some kind of metallic backing would

probably be used. In this event, the currents excited in a direction transverse to

the crack axis would be able to continue down one side of a crack and up the other,

so that the crack would not cause a total break in the current sheet, as happens

for the slit model used here. A more realistic model of the cracks, consisting

of narrow troughs rather than slits, might very well indicate a significantly

smaller effect on the patterns. To employ the same method we have used in this

report, however, it would be necessary to have an expression for the incremental

diffraction coefficients of a narrow trough in a perfectly conducting surface. It

is hoped that this can be accomplished in future work.

3.2 Comparison With Scattered Fields Obtained by Asymptotic
Evaluation of the Diffraction Integrals

In the previous section, we calculated the scattered far fields of the azimuthal

and radial cracks by numerically integrating the incremental diffraction coeffi-

cients for the slit (multiplied by the incident field) along the cracks. Alternative-

ly, we can evaluate these integrals asymptotically by the method of stationary

phase to obtain closed-form approximate expressions for far fields scattered

by the cracks.
2

Proceeding as we did in Section 3. 2 of Part II, we find the following asymp-

totic expressions for the scattered far fields of the azimuthal crack:

(E-plane)

az D t/2 e i(kR+7r/4

EZ(0) =io( ' = 0) Z ° ( 2 sin XR

[-irD cos(0-O)/Xsin0sin0()

-irD cos(+0 )/(Xsin0sin0C) ]
ie c Pl(02# 0, kd) (36)
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(H-plane)

Eaz~~) =ETD c"4 )/2 e i(kR+7r/4)

E Z(6) = Ei ,(*' i"/2) (2'sin 0 rR

[-irD c os(O-Oc ) / (sin~sinOc )  1(1,0,kd
e PI(01 , O , kd)

-iirD cos(6+6c)/(.AinO sin6') 12
- ie k l(0j2 ,0t,k d  (7

where all the parameters in (36) and (37) have been defined previously except for

(see Figure 19)

01 =2-1(r + -( )+
62 c

-- = f- c 0'
1 C C

6'
PC T - TC

and

D = diameter of azimuthal crackC

sin 6' 6'
4Fc C

4 cos 0' = 4F tan- -C

Similarly, the E-plane far fields scattered by a single diameter crack (that

is, two radial cracks) in the H-plane of the reflector can be approximated by the

method of stationary phase as

di (. 2FXk ei(kR+lT/4) -ikFcosO
E i(0) = HoyZ °  1 + o- e P1 (0 - 7r , 7,kd) , (38)

0oy o \+ cowsO) eE I * 3

and the H-plane far fields scattered by a diameter crack in the E-plane of the re-

flector can be approximated as

Fdie) - ( 2FX e~' ik+ir/4) /i~csEox + cos e Pl 0 -- , 7- ,kd) . (39)

68



The constants H and E are the incident magnetic and electric fields illuminat-oy ox
ing the center of the cracks. From (27a) and (27b),

ikF
Ioy Zo0F

ikF
Se a(0)Eox Z---F

where a(0') and d(0') are given respectively by (28) and (29) for an x-directed

electric dipole source and a Huygens source with an x-directed electric dipole

and y-directed magnetic dipole.

AZIMUTHALCRACK IN z

REFLECTOR D

CC

Figure 19. Geometry of Reflector Antenna With Azimuthal Crack

Eaz Eaz Edi d
The amplitude of the diffracted far fields E E a t E i , and Edi for the

Huygens source given by the asymptotic expressions (36) through (39) are plotted

in Figures 20(a) through 20(d). Also shown in these figures are the same dif-

fracted fields computed by numerical integration of the incremental diffraction

coefficients. The agreement between the asymptotically and numerically evalu-

ated F-plane far fields of the azimuthal crack is quite good except in the forward
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direction (0 = 180"), because the method of stationary phase produces divergent

results in this focal direction of the paraboloidal reflector.

The poor agreement in the H-plane for the azimuthal crack [Figure 20(b)

was traced to the small values of the diffracted far fields from the two stationary

phase points where the incident E-field is parallel to the azimuthal crack.

Although the normal component of the incident E-field is zero at these two points,

the normal component away from the stationary phase points produces large dif-

fracted far-fields that contribute significantly to the numerical integration but do

not contribute to the first order asymptotic evaluation (37) of the integral by the

method of stationary phase.

The discrepancy between the numerical and asymptotic calculations of the

diffracted fields of the radial cracks in a fairly large forward sector of the pat-

terns was traced to the lack of a sufficient number of Fresnel zones in the neigh-

borhood of the stationary phase point at the center of the reflector to insure that

the first order asymptotic approximations, (38) and (39), are accurate for a re-

flector with F/X = 8. Indeed, as we increased F/X, we found that the agreement

between the numerically and asymptotically calculated far fields became increas-

ingly better except, of course, very close to the forward direction.

In conclusion, we emphasize that conventional asymptotic high frequency dif-

fraction formulas applied to cracks can predict highly inaccurate crack scattered

fields over the entire far field sphere of reflectors many wavelengths in both

diameter and focal length.
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